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Resume : Nous etudions dans cet article une variante introduite par Colbourn, Quattrocchi et Syro- 
tiuk du probleme de groupage de trafic dans les reseaux en anneaux WDM ; le groupage de trafic sur 
deux periodes. Au cours de la premiere periode de temps le trafic considere est all-to-all uniforme 
entre n sommets, chaque requete utilisant 1/C de la bande passante; pendant la deuxieme periode, 
le trafic est all-to-all uniforme mais entre les sommets d'un sous-ensemble V de taille v < n, chaque 
requete etant alors autorisee a utiliser 1/C de la bande passante, ou C < C. Nous determinons 
le cout minimum (nombre minimum de ADMs), pour tout n, v et C = 4 et C € {1,2, 3). Pour ce 
faire, nous utilisons les decompositions de graphes. En effet, le probleme du groupage de trafic sur 
deux periodes revient a minimi sar le nombre total de sommets d'une partition des aretes du graphe 
complet K„ en sous-graphes, oil chaque sous-graphe a au plus C aretes et contient au plus C aretes 
du graphe complet sur les v sommets specifies. Nous determinons aussi, pour les valeurs ci-dessus, 
le cout minimum d'une solution utilisant le nombre minimal requis de longueurs d'onde. 

Mots-cles : Reseaux optiques, SONET, groupage de trafic, ADM, decomposition des graphes. 
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Drop cost and wavelength optimal two-period grooming with 

ratio 4 



Abstract: We study grooming for two-period optical networks, a variation of the traffic grooming 
problem for WDM ring networks introduced by Colbourn, Quattrocchi, and Syrotiuk. In the two- 
period grooming problem, during the first period of time, there is all-to-all uniform traffic among 
n nodes, each request using 1/C of the bandwidth; and during the second period, there is all-to-all 
uniform traffic only among a subset V of v nodes, each request now being allowed to use 1/C of the 
bandwidth, where C < C. We determine the minimum drop cost (minimum number of ADMs) for 
any n, v and C = 4 and C e { 1, 2, 3). To do this, we use tools of graph decompositions. Indeed the 
two-period grooming problem corresponds to minimizing the total number of vertices in a partition 
of the edges of the complete graph K„ into subgraphs, where each subgraph has at most C edges 
and where furthermore it contains at most C edges of the complete graph on v specified vertices. 
Subject to the condition that the two-period grooming has the least drop cost, the minimum number 
of wavelengths required is also determined in each case. 

Key-words: traffic grooming, SONET ADM, optical networks, graph decomposition, design theory. 
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1 Introduction 

Traffic grooming is the generic term for packing low rate signals into higher speed streams (see 
the surveys |5] [18] [221 E3 H3). By using traffic grooming, one can bypass the electronics in the 
nodes which are not sources or destinations of traffic, and therefore reduce the cost of the network. 
Here we consider unidirectional SONET/WDM ring networks. In that case, the routing is unique 
and we have to assign to each request between two nodes a wavelength and some bandwidth on this 
wavelength. If the traffic is uniform and if a given wavelength has capacity for at least C requests, 
we can assign to each request at most g of the bandwidth. C is known as the grooming ratio or 
the grooming factor. Furthermore if the traffic requirement is symmetric, it can be easily shown (by 
exchanging wavelengths) that there always exists an optimal solution in which the same wavelength 
is given to each pair of symmetric requests. Thus without loss of generality we assign to each pair of 
symmetric requests, called a circle, the same wavelength. Then each circle uses ^ of the bandwidth 
in the whole ring. If the two end-nodes of a circle are ; and j, we need one ADM at node ; and one 
at node / The main point is that if two requests have a common end-node, they can share an ADM 
if they are assigned the same wavelength. For example, suppose that we have symmetric requests 
between nodes 1 and 2, and also between 2 and 3. If they are assigned two different wavelengths, 
then we need 4 ADMs, whereas if they are assigned the same wavelength we need only 3 ADMs. 

The so called traffic grooming problem consists in minimizing the total number of ADMs to be 
used, in order to reduce the overall cost of the network. 

Suppose we have a ring with 4 nodes {0, 1, 2, 3} and all-to-all uniform traffic. There are therefore 
6 circles (pairs of symmetric requests) {i,j} for < i < j < 3. If there is no grooming we need 
6 wavelengths (one per circle) and a total of 12 ADMs. If we have a grooming factor C = 2, we 
can put on the same wavelength two circles, using 3 or 4 ADMs according to whether they share 
an end-node or not. For example we c an put together {1,2} and { 2 , 3 } on one wavelength ; {1,3} and 
{3, 4} on a second wavelength, and {1,4} and {2, 4} on a third one, for a total of 9 ADMs. If we allow 
a grooming factor C — 3, we can use only 2 wavelengths. If we put together on one wavelength 
{1,2}, {2,3}, and {3,4} and on the other one {1,3}, {2,4}, and {1,4} we need 8 ADMs (solution a) ; 
but we can do better by putting on the first wavelength {1,2}, {2, 3} and {1,3} and on the second one 
{1,4}, {2,4} and {3,4}, using 7 ADMs (solution b). 

Here we study the problem for a unidirectional SONET ring with n nodes, grooming ratio C, 
and all-to-all uniform unitary traffic. This problem has been modeled as a graph partition problem in 
both (4) and l20ll . In the all-to-all case the set of requests is modelled by the complete graph K„. To 
a wavelength k is associated a subgraph Bk in which each edge corresponds to a pair of symmetric 
requests (that is, a circle) and each node to an ADM. The grooming constraint, i.e. the fact that a 
wavelength can carry at most C requests, corresponds to the fact that the number of edges \E(Bk)\ 
of each subgraph Bk is at most C. The cost corresponds to the total number of vertices used in the 
subgraphs, and the objective is therefore to minimize this number. 

Traffic Grooming in the Ring 

Input : Two integers n and C. 

Output : Partition E(K„) into subgraphs Bk, 1 < k < A, s.t. \E(Bk)\ < C for all k. 
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Objective : Minimize £^ =1 |V(Z?*)I- 

In the example above with « = 4 and C — 3, solution a consists of a decomposition of K4 into two 
paths with four vertices [1,2,3,4] and [2,4, 1,3], while solution b corresponds to a decomposition 
into a triangle (1, 2, 3) and a star with the edges {1,4}, {2,4), and {3,4}. 

With the all-to-all set of requests, optimal constructions for a given grooming ratio C have been 
obtained using tools of graph and design theory IfTDll . in particular for grooming ratio C — 3 0], 
C = 4 HEQ, C = 5B1.C = 6l2l.C = 7fTTlandC> N(N - l)/6 0. 

Graph decompositions have been extensively studied for other reasons as well. See O for an 
excellent survey, 11611 for relevant material on designs with blocksize three, and ITOl for terminology 
in design theory. 

Most of the papers on grooming deal with a single (static) traffic matrix. Some articles consider 
variable (dynamic) traffic, such as finding a solution which works for the maximum traffic demand Q 
[30l or for all request graphs with a given maximum degree l23l . but all keep a fixed grooming factor. 
In lfT3l an interesting variation of the traffic grooming problem, grooming for two-period optical 
networks, has been introduced in order to capture some dynamic nature of the traffic. Informally, in 
the two-period grooming problem each time period supports different traffic requirements. During 
the first period of time there is all-to-all uniform traffic among n nodes, each request using 1 jC of 
the bandwidth ; but during the second period there is all-to-all traffic only among a subset V of v 
nodes, each request now being allowed to use a larger fraction of the bandwidth, namely l/C where 
C < C. 

Denote by X the subset of n nodes. Therefore the two-period grooming problem can be expressed 
as follows : 

Two-Period Grooming in the Ring 

Input : Four integers «, v, C, and C . 

Output : A partition (denoted N(n, v; C, C')) of E(K„) into subgraphs B k , 1 < k < A, such that 
for all k, \E(B k )\ < C, and \E(B k ) fl(Vx V)\ < C , with VQX,\V\ = v. 
Objective : Minimize £f =1 \V{B k )\. 

Following fl3l . a grooming is denoted by N(n, C). When the grooming N(n, C) is optimal, i.e. 
minimizes the total ADM cost, then the grooming is denoted by &.Jf(n,C). Whether general or 
optimal, the drop cost of a grooming is denoted by cost N(n, C) or cost &jV{n, C), respectively. 

A grooming of a two-period network N(n, v; C, C") with grooming ratios (C, C) coincides with 
a graph decomposition (X, S) of K„ (using standard design theory terminology, & is the set of all 
the blocks of the decomposition) such that (X, S) is a grooming N(n, C) in the first time period, and 
(X, S) faithfully embeds a graph decomposition of K v such that (V, D) is a grooming A^(v, C") in the 
second time period. Let V Q X. The graph decomposition (X, < E) embeds the graph decomposition 
(V, D) if there is a mapping /:£)—> & such that D is a subgraph of f(D) for every D e D. 
If / is injective (i.e., one-to-one), then (X, S) faithfully embeds (V, D). This concept of faithfully 
embedding has been explored in lfl2l l25ll . 

We use the notation GjY («, v; C, C) to denote an optimal grooming N(n, v; C, C). 



INRIA 



Groupage de trafic sur deux periodes avec coefficient 4 



5 



As it turns out, an & jV(n, v; C, C") does not always coincide with an jV{n, C). Generally we 
have cost &jV{n, v; C, C) > cost 6Jf(n, C) (see Examples 11.21 and 11.3b . Of particular interest is 
the case when cost &jV(n, v; C, C) = cost &jV(n, C) (see Example II. Il l . 

Example 1.1 Let n = 7, v = 4, C — 4. Let V = (0,1,2,3) and W = {00,01,02}- An optimal 
decomposition is given by the three triangles (oo, 0, 1), (oi , 1 , 2), and (02, 2, 3), and the three 4-cycles 
(0,2,ao,ai), (0,3,00,02), and (1,3, a\, ai), giving a total cost of 21 ADMs. 

This solution is valid and optimal for both C = 1 and C — 2, and it is optimal for the classical 
Traffic Grooming in the Ring problem when n = 7 and C — 4. Therefore, cost & JV(J ,A'A, 1) = 
cost 6Jf(l,\;\,2) = cost <?,A\1A) = 21. 

Example 1.2 Lef n = 7, v = 5, C = 4, and C" = 2. Lef V = {0, 1,2,3,4} and W = {a ,fli}. We 
see /afer that an optimal decomposition is given by the five kites (ao, 1,2; 0), (ao, 3,4; 1), (a\, 1, 3; 2), 
(ai,2,4;0)a«o'(flo, fli,0; 1), plus the edge {0,3}, giving a total cost of 22 ADMs. Socost 5; 4, 2) 

22. Afofe f/za? f/z;s decomposition is not a valid solution for C — 1, s/nce there are subgraphs contai- 
ning more than one edge with both end-vertices in V. 

Example 1.3 Letn = 1, v - 5, C = 4, and C = 1. Let again V = {0, 1,2,3,4} and W = {ao,«i}- We 
see later that an optimal decomposition is given by the four K^s (ao, 1,2), (ao,3,4), (fli,0, 3), and 
(ai, 2,4), the C4 (0, 1, a\, ao), plus the five edges {0,4}, {1,3}, {0, 2), {1,4}, and {2, 3), giving a total 
cost of 26 ADMs. So cost *52/K(7,5;4, 1) = 26. 

C.J. Colbourn, G. Quattrocchi and V.R. Syrotiuk lfl3l [T4l completely solved the cases when 
C - 2 and C — 3 (C = 1 or 2). In this article we determine the minimum drop cost of an N(n, v; 4, C") 
for all n > v > and C e {1,2,3}. 

We are also interested in determining the minimum number of wavelengths, or wavecost, re- 
quired in an assignment of wavelengths to a decomposition. Among the ^ > t /( / (n,4)s one having 
the minimum wavecost is denoted by M ' GjY{n,\~), and the corresponding minimum number of 
wavelengths by wavecost^M & jV(n, 4). We characterize the jV(n, v; C, C) whose wavecost is mi- 
nimum among all 6 jV(n, v; C, C')s and denoted one by ^ jV(n, v; C, C") ; the wavecost is itself 
denoted by wavecost^ '6 "JV(n, v; C, C). 

We deal separately with each value of C e {1,2,3}. Table Q] summarizes the cost formulas for 
n — v + w > 4. 

2 Notation and Preliminaries 

We establish some graph-theoretic notation to be used throughout. We denote the edge between 
u and v by [u, v}. K„ denotes a complete graph on n vertices and Kx represents the complete graph 
on the vertex set X. A triangle with edges {{jc,y}, {x, z}, {y,z}} is denoted by (x,y,z). A 4-cycle with 
edges {{x,y},{y,z},{z,u},{u,x}} is denoted by (x,y,z, u). A kite with edges {{x,y},{x,z},{y,z},{z,u}} 
is denoted by (x, y, z; u). The groomings to be produced also employ paths ; the path on k vertices 
is denoted by [x\,. . ., xit] when it contains edges {x,, Xj+\ } for 1 < i < k. Now let G = (X, E) be a 
graph. If \X\ is even, a set of \X\j2 disjoint edges in £ is a 1 -factor; a partition of E into 1 -factors is 
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cost GJf(v + w, v; 4, 1) = 



(T) 



if v < w + 1 



(T) + Q-[tJ ifv>w + l 



\ 2 ) 

(T) + fiG)l-¥+* 



cos? <^VK(v + w, v;4,2) 



where (5 



1 if w = 2, or 
if w = 4 and 
v = (mod 4) 
otherwise 



[ 1 if h> = 3 and 
where 6 = I ve3 (mod 4) 

I otherwise 



if v < 2w 



if v > 2w and v even 



if v > 2w and v odd 



cosf ^^(v + w,v;4,3) = ( V+ 2 W ) 

Tab. 1 - Cost formulas for n — v + w > 4. 
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a 1 -factorization. Similarly, if \X\ is odd, a set of (\X\ - l)/2 disjoint edges in £ is a near 1-factor; 
a partition of E into near 1-factors is a near 1 -factorization. We also employ well-known results on 
partial triple systems and group divisible designs with block size three ; see IT6l for background. 

The vertices of the set V are the integers modulo v denoted by 0, 1, . . . , v - 1 . The vertices not 
in V, that is in X \ V, forms the set W of size w = n - v and is denoted by «o, . . . , a w -\, the indices 
being taken modulo w. 

Among graphs with three or fewer edges (i.e., when C = 3),the only graph with the minimum 
ratio (number of vertices over the number of edges) is the triangle. For C — 4 three different such 
graphs have minimum ratio 1 : the triangle, the 4-cycle, and the kite. This simplifies the problem 
substantially. Indeed, in contrast to the lower bounds in 0141 . in this case the lower bounds arise from 
easy classification of the edges on V. We recall the complete characterization for optimal groomings 
with a grooming ratio of four : 

Theorem 2.1 |4]|2TJ cost 0JV (4,4) = 7 and, for n > 5, cost &Jf(n,4) = ft)- Furthermore a 
j& '6 \j¥(4,4) employs two wavelengths and can be realized by a kite and a P$ (or a and a star), 
and a ^ jV (n,A), n>5, employs wavelengths and can be realized by t K^s and^'-^H — t\ 

4-cycles or kites, where 

' if n = 0, 1 (mod 8) 
_ 1 if n = 3,6 (mod 8) 
f " 2 if n = 4,5 (mod 8) ' 
3 if n = 2,1 (mod 8) 

In order to unify the treatment of the lower bounds, in a decomposition A^(v + w, v;4, C") for 
C € {1,2}, we call an edge with both ends in V neutral if it appears in a triangle, 4-cycle, or kite ; 
we call it positive otherwise. An edge with one end in V and one in W is a cross edge. 

Lemma 2.1 1. In an N(v + w, v; 4, C) with C e {1,2}, the number of neutral edges is at most 
\C'vw. 

2. When v is odd and C — 2, the number of neutral edges is at most vw — ^. 

Proof. Every neutral edge appears in a subgraph having at least two cross edges. Thus the number of 
subgraphs containing one or more neutral edges is at most \vw. Each can contain at most C" neutral 
edges, and hence there are at most ^C'vw neutral edges. This proves the first statement. 

Suppose now that C" = 2 and v is odd. Any subgraph containing two neutral edges employs 
exactly two cross edges incident to the same vertex in W. Thus the number a of such subgraphs 
is at most \w(v - 1). Then remaining neutral edges must arise (if present) in triangles, kites, or 4- 
cycles that again contain two cross edges but only one neutral edge ; their number, /3, must satisfy 
P < tt - a. Therefore the number of neutral edges, 2a + yS, satisfies 2a +{} < ^w(v -1) + ^ = vw-j. 
■ 

When C = 3 there are strong interactions among the decompositions placed on V, on W, and on 
the cross edges iTPTl fT4l ; fortunately here we shall see that the structure on V suffices to determine 
the lower bounds. Because every A^(v + w, v;4, C) is an A^(v + w, v;4, C" + 1) for 1 < C < 3, and 
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N(v + w, v; 4, 4) coincides with N(v + w, 4), cost 6Jf(y + w, v; 4, 1) > cost &jV(y + w, v; 4, 2) > 
cost 0jV(y + w, v;4, 3) > cost GjViy + w, 4). We use these obvious facts to establish lower and 
upper bounds without further comment. 

3 Case C = 1 

3.1 0^(n,v;4,l) 
Theorem 3.1 Let n = v + w > 5. 

1. cost 0.jV{v + w, v;4, 1) = cosf <7,/f (v + w,4) when v < w + 1. 

2. cosf ^/T(v + w, v;4, 1) = ( v + w ) + Q - Lf J wfce/j v > w + 1. 

Proof. To prove the lower bound, we establish that cost GjY(y + w, v; 4, 1) > + (*) - Lf J. It 
suffices to prove that the number of subgraphs employed in an N(v + w, v; 4, 1) other than triangles, 
kites, and 4-cycles is at least fu) - \vw~\ = _ Ljvvvj. By Lemma I2TT1 this is a lower bound on the 
number of positive edges in any such decomposition ; because each positive edge lies in a different 
subgraph of the decomposition, the lower bound follows. 

Now we turn to the upper bounds. For the first statement, because an ff,y¥{v + w, v; 4, 1) is also 
an 0jV(v + w, v - 1;4, 1), it suffices to consider v e {w, w + 1}. When v = w, write v - As + t with 
t € {0, 3, 5, 6). Form on V a complete multipartite graph with s classes of size four and one class of 
size t. Replace edge e = {x, y} of this graph by the 4-cycle (x, y, a x , a y ). On {jci , . . . , Xf, a Xl , . . . , a X[ ] 
whenever {x\ , . . . , Xf] forms a class of the multipartite graph, place a decomposition that is optimal 
for drop cost and uses 4, 7, 12, and 17 wavelengths when t is 3, 4, 5, or 6, respectively (see Appendix 
IS). 

Now let v = w + 1. Let V = {0, . . . , v - 1} and W = {flo, • ■ • , «i>-2)- Form triangles (/, ; + 1, a,-) for 
< i < v — 1. Then form 4-cycles (i, y + 1 , a,-, flj) for < i < j <v - 2. 

Finally, suppose that v > w + 2. When v is even, form a 1 -factorization Fq, . . . , F v _2 on V. For 
< i < w, let : 1 < j < |} be the edges of F,-, and form triangles 7y = {a,} U e,j. Now for 
< i < w ; 1 < j < Lf J ; and furthermore y* ^ ^ if i > \ and w is even, adjoin edge {a,, cij+j mo d w } to 
7y to form a kite. All edges of 1 -factors {Fj : w < i < v - 1} are taken as A^s. 

When v is odd, form a near 1 -factorization Fo, . . . , F v _i on V, in which F v _j contains the edges 
{{2h, 2h + 1} : < h < and near 1 -factor F* misses vertex / for < i < v. Then form 4-cycles 
(2h, 2h + l,a 2 h+i,a2h) for < h < |_f J. For < i < w, let {e, 7 : 1 < j < be the edges of F,-, and 
form triangles T,j = {«,} U e\j . Without loss of generality we assume that w - 1 e eoi ; when w is odd, 
adjoin {w - 1, fl H -i) to Tq\ to form a kite. Now for < i < w ; 1 < 7 < Lf J ; an d furthermore j + \ 
if / > j and w is even and j # 1 if i = 2h for < h < Lf J, adjoin edge {a,-, a 1+ y mo( j w ) to T t j to form a 
kite. All edges of near 1-factors {F,- : w < i < v - 1} and the ^ _ LtJ remaining edges of F v _i are 
taken as ^s. 

When v > w + 1, each subgraph contains exactly one edge on V and so their number is This 
fact is later used to prove Theorem l3.3l ■ 
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3.2 J(G^{n,vA, 1) 

Theorem 3.2 Let v + w > 5. For C = 1 and v < w, 

wavecost J( & jV {v + w, v;4, 1) = vravecos?./#<^/K(v + vv,4). 

Proof. We need only treat the cases when v e {w, w - 1} ; the case with v = w is handled in the 
proof of Theorem l3.ll When v = w — 1 , the argument is identical to that proof, except that we choose 
v = 4s + t with t e {0, 1, 2, 3} and place decompositions on \x\ , . . . , xc, a Xl ,..., a X( , a v ] instead, with 
1,3,6,9 wavelengths when ( = 1,2, 3, 4 respectively (see AppendixlBt. 



Theorem 3.3 When v > w, 

wavecost Jt&Jf(v + w, v;4, 1) = 

Proof. Since every edge on V appears on a different wavelength, is a lower bound. As noted in 
the proof of Theorem l3. li the constructions given there meet this bound. ■ 

The solutions used from Theorem 13. H are (essentially) the only ones to minimize the number of 
graphs in an & jV(y+ w, v; 4, 1) with v > w. However, perhaps surprisingly they are not the only ones 
to minimize the number of wavelengths. To see this, consider a &jY{y + w, v;4, 1) with v > w > 2 
from Theorem 13. II Remove edges {ao, a\), {ao, aq\, and {a\, aj\ from their kites, and form a triangle 
from them. This does not change the drop cost, so the result is also an & jV(v + w, v;4, 1). It has 
one more graph than the original. Despite this, it does not need an additional wavelength, since the 
triangle (flo,«i,«2) can share a wavelength with an edge on V. In this case, while minimizing the 
number of connected graphs serves to minimize the number of wavelengths, it is not the only way to 
do so. 




4 Case C = 2 

4.1 @^V(n,vA,2) 

Theorem 4.1 Let v + w > 5 and v be even. 

1. When v < 2w, cost ff^V(v + w, v; 4, 2) = cost &,jY{v + w, 4). 

2. When v > 2w + 2, cost 0,yV(v + w, v; 4, 2) = ("7) + \\{$\ - f + S, where 5=lifw = 4or 
ifw — 2 and v = (mod 4), and 6 — otherwise. 

Proof. By Lemma 12.11 - vw is a lower bound on the number of positive edges in any A^(v + 
w, v; 4, 2) ; every subgraph of the decomposition containing a positive edge contains at most two 
positive edges. So the number of subgraphs employed in an A^(v + w, v; 4, 2) other than triangles, 
kites, and 4-cycles is at least [5 ((2) _ vwj]. The lower bound follows for w + 2, 4. 
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As in the proof of Lemma l2~Tl denote by a (resp. B) the number of subgraphs containing 2 (resp 
1) neutral edges and so at least two cross edges. We have 2a + B < 2a + 2B < vw. Equality in the 
lower bound, when v = (mod 4), arises only when B — and therefore to meet the bound an 
ffjV (w,4) must be placed on W implying that 5 = 1 if w = 2 or 4. When v = 2 (mod 4), we can 
have 2a + J3 = vw - 1 and so B = I. We can use an edge on W in a graph with an edge on V. But 
when w = 4, the five edges that would remain on W require drop cost 6, and so 6 — I. 

Now we turn to the upper bounds. If w > v - 1, apply Theorem l3.ll Suppose that w < v - 2. Let 
V = {0,. . .,2t- 1} and W = {a , . ..,a w -i}. Place an ffjV(w,A) on W. Form a 1 -factorization on V 
containing factors [Fq, . . . , F w _i, Go, . . . , G2t-2-w) m which the last two 1 -factors are {{2h, 2h + 1} : 
< h < t) and \{2h + \,2h + 2 mod 2t] : < h < t), whose union is a Hamilton cycle. For < i < w, 
form triangles T(j by adding a, to each edge e,j e F,. For < ; < min(w, 2t - 1 - w), observe that 
Hi = Fj U G, is a 2-factor containing even cycles. Hence there is a bijection cr mapping edges of F; 
to edges of G, so that e and <x(e) share a vertex. Adjoin edge cr(e i; ) to the triangle T,j to form a kite. 
In this way, all edges between V and W appear in triangles or kites, and all edges on V are employed 
when v < 2w. When v > 2w + 2, the edges remaining on V are those of the factors G w , . . . , G v _2- W . 

When v ^ 2w + 2, the union of these edges is connected because the union of the last two is 
connected, and hence it can be partitioned into P3S (and one P% when v = 2 (mod 4)) |9][28]. When 
w — 2 and v = 2 (mod 4), the drop cost can be reduced by 1 as follows. Let \x,y] be the Pi in the 
decomposition, and let [x,z] e Go- Let T be the triangle obtained by removing {x,z} from its kite. 
Add {ao,a\} to T to form a kite. Add the P3 [y, x,z]. In this way two isolated P2S are replaced by a 
P3, lowering the drop cost by 1. 

When v = 2w + 2, we use a variant of this construction. Let R be a graph with vertex set V that 
is isomorphic to | K4S when v = (mod 4) and to ^ A4S and one ^3 3 when v = 2 (mod 4). Let 
Fi, . . . , F w _i, Gi, . . . , G„ _i be the 1 -factors of a 1 -factorization of the complement of R (one always 
exists |26l ). Proceed as above to form kites using a, for 1 < i < w and the edges of F, and G,-. 
For each K4 of /? with vertices {p, q, r, s}, form kites (ao, q, p; r) and (ao, r, s; p). Then add the F3 
[r, q, s]. If R contains a ^3 3 with bipartition {{p, q, r}, {s, t, u}}, add kites («o, s, P', t), (ao, q, t; r), and 
(ao, r, u; p). What remains is the P4 [r, s; q, u], which can be partitioned into a Pi and a F3. ■ 

In order to treat the odd case, we establish an easy preliminary result : 

Lemma 4.1 Let w > 3 be a positive integer. The graph on w vertices containing all edges except for 
L^J disjoint edges (i.e., K w \ \Jj\K2) can be partitioned into 

1. 4-cycles when w is even ; 

2. kites and 4-cycles when w = 1 (mod 4) ; and 

3. kites, 4-cycles, and exactly two triangles when w = 3 (mod 4). 

Proof. Let W = {ao, . . ., a w _i}. When w is even, form 4-cycles {(an, a-ij, fl2/+i, fl2/+i) : < i < j < j] 
leaving uncovered the ¥ edges {an, an+\ ). (This is also a consequence of a much more general result 
in Ell.) 

When w is odd, the proof is by induction on w by adding four new vertices. So we provide two 
base cases for the induction to cover all odd values of w. 
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For w = 5, K$ \ {{ao, a{\, {02, 03}} can be partitioned into the two kites («2, 04, ao; (23) and 
(«3, 04, a\\ 02). 

For w — 7, K-i\{{ao, a\), {®2, 03), {^4, 05}} can be partitioned into the kites (03, «6, ao; as), (a\, ae, 04; 0:3) 
and («5, a6>«2; «i), and the A/3S (ao, 02, 04) and (ai, «3, as). 

By induction consider an optimal decomposition of K w —F, with F = {{fl2ft,«2/i+i) : < /j < 
Add four vertices a w ,a w+ i,a w+ 2,a w+ -}. Add the C4S (a2h,a w ,ci2h+i,a w+ {) and (a 2 h,a w+ 2,a2h+\,aw+3) 
where < h < ^y~. Cover the edges of the K$ on {a w -i,a w ,a w+ i,a w+ 2, a w +i\ minus the edges 
{a w -i,a w } and \a w+ \,a w+ 2), using two kites as shown for the case when w = 5. ■ 

Theorem 4.2 Let v + w > 5 and v be odd. 

1. When v < 2w - 1, cost G,A\v + w, v; 4, 2) = cost G,jV{y + w, 4). 

2. W/zen v > 2w + 1, co^f ^^f(v + w, v; 4, 2) = ( v + w ) + \\ -vw + Tf l)l + 8, where 5 = 1 if 
w — 3 a«c/ v = 3 (mod 4), otherwise. 

Proof. To prove the lower bound, it suffices to prove that the number of subgraphs employed in 
an N(v + w, v;4, 2) other than triangles, kites, and 4-cycles is at least [3 ((2) - vw + \j\f\- As in 
the proof of Theorem 14. 11 this follows from Lemma |2~T1 When w = 3 and v = 3 (mod 4), at least 
(2) _ 3v + 2 edges are positive, an even number. To meet the bound, exactly one cross edge remains 
and exactly two edges on W remain. These necessitate a further graph that is not a triangle, kite, or 
4-cycle. 

Now we turn to the upper bounds. By Theorem l4.ll cost G jV{fv + 1) + (w - 1), v + 1; 4, 2) = 
cost &Jf(y + w,4) when v < 2w - 3. So suppose that v >2w- 1. Write v = 2t + 1. 

When w = t + 1, form a near 1 -factorization on V consisting of 2t + 1 near 1 -factors, Fo, • ■ .,F t , 
Go, . . . , G,_i. Without loss of generality, F, misses vertex i for < i < t, and F, contains the edges 
{{k, t + k + 1} : < k < t}. The union of any two near 1 -factors contains a nonnegative number of 
even cycles and a path with an even number of edges. For < i < t , form triangles 7y by adding a, 
to each edge ey € F,. As in the proof of Theorem l4.ll for < i < t, use the edges of G, to convert 
every triangle into a kite. Then add edge {;, a,} to triangle T tl constructed from edge {;, t + 1 + /'). 
What remains is the single edge {?, a,} together with all edges on W. 

When w £ {2,4}, place an &jY(yv,A) on W of cost so that a t appears in a triangle in the 
decomposition, and use the edge {t, a,} to convert this to a kite. We use a decomposition having 
1 < 6 < 4 triangles, therefore getting a solution with at most 3 triangles. Such a decomposition 
exists by Theorem l2.1l if w * 0, 1 (mod 8). If w = 0, 1 (mod 8) we build a solution using 4 triangles 
as follows. If w = 1 (mod 8), form an ff^V(yv - 2, 4) on vertices {0, . . . , w - 3} with 3 triangles. Add 
the triangle (w - 3, w - 2, w - 1) and the 4-cycles {(2/z, w - 2,2ft + 1, w - 1) : < h < For 
w = 8 a solution with 4 triangles is given in Appendix ICl In general, for w = (mod 8), form an 
0JV{w-%, 4) on vertices {0, . . . , w-9} with 4 triangles. Add the 4-cycles {(2h, w-2j,2h+l,w-2j+ 
1) : < h < ^}; 1 < y < 4 and an ff.yV(8,4) without triangles on the 8 vertices [w - 8, . . . , w - 1}. 

Two values for w remain. When w = 2, an ^^(5, 3; 4, 1) is also an tf.sY (5, 3; 4, 2). The case 
when v = 7 and w = 4 is given in Appendix[C] The solution given has only 1 triangle. 

Henceforth w < t. For t > 2, form a near 1 -factorization {Fo, . . . ,F w _i,Go, . . . ,G2t-i-w) of 
K v \ C,, where C, is the f-cycle on (0, 1, 1) ; such a factorization exists lF24l . Name the factors 



RR n°7101 



\2Je an- Claude Bermond , Charles J. Colbourn , Lucia Gionfriddo , Gaetano Quattrocchi , Ignasi Sau 



so that the missing vertex in F; is [i/2] for < i < w (this can be done, as every vertex i satisfying 
< i < t is the missing vertex in two of the near 1-factors). Form triangles using Fq, . . . , F w _i and 
convert to kites using Go, . . . , G w _i as before. There remain 2(f - w) near 1-factors G„ , . . . , G^t-x-K- 
For < h < t — w, G w+ 2h U G w+ 2h+\ contains even cycles and an even path, and so partitions into P3S. 
Then the edges remaining are (1) the edges of the f-cycle ; (2) the edges { { |_//2J, a,} : < i < w} ; and 
(3) all edges on W. For < i < |_f J, form triangle (i, an, fl2/+i) and add edge {;, i + 1} to convert it to 
a kite. Edges {{/, i + 1 mod /} : |_f J < i < t] of the cycle remain from (1) ; edge f 1 ^, a w -i) remains 
when w is odd, and no edge remains when w is even, from (2) ; and all edges excepting a set of [j J 
disjoint edges on W remain. 

When w + 3, we partition the remaining edges in (1) (which form a path of length t - Lf J), into 
P3S when t - LfJ is even, and into P3S and the P2 {0, t - 1} when t - |_f J is odd. We adjoin edge 
{^Y-,a w -{\ to the P3 (from the f-cycle) containing the vertex 2-^! to form a f4. Finally, we apply 
Lemma |4~T1 to exhaust the remaining edges on W. 

When w = 3, the remaining edges are those of the path [0, t - 1, t - 2, . . . , 2, 1, 02] and edges 
{{02, ao}, {02, a{\). Include {{1,2}, {1, 02}, {a2, ao), {a2, ai}} in the decomposition, and partition the re- 
mainder into P3S and, when ve3 (mod 4), one P2 {0, t — 1}. 

The case when t — 2 is done in Example ll.2l (the construction is exactly that given above, except 
that we start with a near 1 -factorization of ^5 \ {{0, 1), {0, 3}}). ■ 



4.2 Jt0^(n,vA,2) 
Theorem 4.3 For C = 2 and v < 2w, 

wavecost J( @jV(v + w, v; 4, 2) = wavecost MG-jV{y + w, 4). 

Proof. It suffices to prove the statement for v e \2w — 2,2w- l,2w}. When v = 2w - 1, apply the 
construction given in the proof of Theorem 14.21 where we noted that there are at most 3 triangles. 
The proof of Theorem l4.2| provides explicit solutions when w e {2,4}. 

Now suppose that v = 2w. In the proof of Theorem 14.11 » = w triangles containing one edge 
on V and two edges between a vertex of V and a vt _i remain. Then convert w — 1 triangles to kites 
using edges on W incident to a, v _i. That leaves one triangle. When the remaining edges on the w - 1 
vertices of W support a jV(w —1,4) that contains at most two triangles, we are done. It remains 
to treat the cases when w - 1 =2,7 (mod 8) or w - 1 = 4. For the first case, let x be one vertex of 
the triangle left containing a w -\, namely (a w -i,x,y). Consider the pendant edge [x, t] € G„._2 used 
in a kite containing a w -2- Delete {x, t) from this kite and adjoin {a w _3, a w _2} to the unique triangle so 
formed forming another kite. Finally adjoin {x, t) to the triangle (a w _i, x,y). Proceed as before, but 
partition all edges on {ao, ■ • ■ , flw-2} except edge [a w -3,a w -2] into 4-cycles and kites. The case when 
w - 1 = 4 is similar, but we leave three of the triangles arising from F w _i and partition \ P3 into 
two kites. 

Now suppose that v — 2w - 2. We do a construction similar to that above. In the proof of 
Theorem 14. 11 there remain 3| = 3(w - 1) triangles joining a w _3 (resp. a w -2, tJw-i) to F w _3 (resp. 
F w _2, F w _i). Then convert the w - 1 triangles containing a w -\ to kites using edges on W incident 
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to a w -i, w — 2 triangles containing a w -2 to kites using the remaining edges on W incident to a w -2, 
and w - 3 triangles containing a„._3 to kites using edges on W incident to a„ _3. That leaves three 
triangles. So, if w — 3 = 0, 1 (mod 8) we are done. Otherwise, as above, choose in each of the 
three remaining triangles vertices x\,X2,x^ ; consider the edges {xi,?i} (resp. {x2,?2}) appearing in 
the kites containing a w _4 and x\ (resp. a w _4 and xt), and the edge {x^, t^} in the kite containing a w s 
and X3. Delete these edges and adjoin them to the three remaining triangles. Finally adjoin the edges 
{a w -4, a w -s\ and {a w -^,a w -^\ to the two triangles obtained from the two kites containing a„_4, and 
adjoin the edge [a w s, a w -e] to the triangle obtained from the kite containing a w -$. Proceed as before, 
but partition all edges on {ao, . . . , a w -n) except the triangle (a w -e, a w s, a w -^) into 4-cycles and kites. 



Theorem 4.4 1. When v > 2w is even, 

wavecost JtG^Y{v + w, v; 4, 2) 

2. When v > 2w is odd, 

wavecost J(GjY(y + w, v; 4, 2) = 

Proof. First we treat the case when v is even. Then (by Theorem 14. j} an &jV{v + w, v;4, 2) must 
employ vw or vw - 1 neutral edges, using all vw edges between V and W. Each such graph uses 
two edges on V and none on W, except that a single graph may use one on V and one on W. Now 
the edges of V must appear on ["5(2)1 different wavelengths, and these wavelengths use at most one 
edge on W (when v s 2 (mod 4)). Thus at least ruj/^l additional wavelengths are needed when 
v = (mod 4), for a total of \fy/2 + (l£)/4"|. When v = 2 (mod 4), at least - l)/4j additional 

wavelengths are needed ; again the total is \{y]/2 + ( 2 )/41- Theorem l4. 1 I realizes this bound. 

When v is odd, first suppose that w is even. In order to realize the bound of Theorem l4.2l for drop 
cost, by Lemma l2~Tl j neutral edges appear in subgraphs with one neutral edge and all other neutral 
edges appear in subgraphs with two. In both cases, two edges between V and W are consumed by 
such a subgraph. When two neutral edges are used, no edge on W can be used ; when one neutral 
edge is used, one edge on W can also be used. It follows that the number of wavelengths is at least 
2Q2) ~ f ) + f + g Uil - ?)• T ms establishes the lower bound. The case when w is odd is similar. The 
proof of Theorem l4. 2| gives constructions with at most 3 triangles and so establishes the upper bound 
except when v = 1 (mod 4) and w = 3 (mod 4), w + 3, where the construction employs one more 
graph than the number of wavelengths permitted. However, one graph included is the P2 {0, t - 1), 
and in the decomposition on W, there is a triangle. These can be placed on the same wavelength to 
realize the bound. ■ 

When v = 1 (mod 4) and w = 3 (mod 4), w + 3, we place a disconnected graph, P2 U A3, on 
one wavelength in order to meet the bound. The construction of Theorem l4. 21 could be modified to 
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avoid this by instead using a decomposition of K w \ (Ko, U ^^2) into 4-cycles and kites, and using 
the strategy used in the case for w = 3. In this way, one could prove the slightly stronger result that 
the number of (connected) subgraphs in the decomposition matches the lower bound on number of 
wavelengths needed. 

In Theorem l3.3l the number of wavelengths and the drop cost are minimized simultaneously by 
the constructions given ; each constructed 0jV(v+w, v; 4, 1) has not only the minimum drop cost but 
also the minimum number of wavelengths over all A^(v + w, v; 4, l)s. This is not the case in Theorem 
14.41 For example, when v > (1 + V2)w, it is easy to construct an A^(v + w, v; 4, 2) that employs only 
[(2)721 wavelengths, which is often much less than are used in Theorem l4.4l We emphasize therefore 
that a ^ff^V(v + w, v; 4, 2) minimizes the number of wavelengths over all GjY(y + w, v; 4, 2)s, not 
necessarily over all iV(v + w, v; 4, 2)s. 

5 Case C = 3 

5.1 0^(n,v;4,3) 
Theorem 5.1 Let v + w > 5. 

1. When w > 1, cost ffjfiy + w, v; 4, 3) = cost ffjV(v + w, 4). 

2. cost ff.A\v + 0, v; 4, 3) = cost <9..Y{v, 3). 

Proof. The second statement is trivial. Moreover cost &jV{n,\) — cost &jV(n,li) when n = 1,3 
(mod 6), and hence the first statement holds when v + w = 1,3 (mod 6). To complete the proof it 
suffices to treat the upper bound when w — 1 . 

When v + 1 = 5 (mod 6), there is a maximal partial triple system (X, S) with |X| = v + 1 covering 
all edges except those in the 4-cycle (r, x, y, z). Set W = {r}, V — X \W, and add the 4-cycle to the 
decomposition to obtain an &jY(y + 1, v; 4, 3). 

When 1,5 (mod 6), set € = v - 1 and when v = 3 (mod 6) set I = v - 3. Then t is even. 
Form a maximal partial triple system (V, &), \V\ = v, covering all edges except those in an ^-cycle 

(0, 1 €- 1) 03] . Add a vertex a and form kites (a , 2i, 2i+l; (2i + 2) mod €) for < i < f . For 

i e {€,... , v - 1), choose a triple B, e S so that / g fi, and B, = B ; only if i = j. Add {ao, '} to B, to 
form a kite. This yields an &jV(y + 1, v; 4, 3). ■ 

5.2 ^f^/f>,v;4,3) 

We focus first on lower bounds in Section l5.2.1l and then we provide constructions attaining these 
lower bounds in Section l5".2.2l 

5.2.1 Lower Bounds 

When C = 3, Theorem l5.1l makes no attempt to minimize the number of wavelengths. We focus 
on this case here. Except when n e {2,4} or v = n, cost GjY{n, v;4, 3) = and every graph in an 
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0jY(n, v;4, 3) is a triangle, kite, or 4-cycle. Let 6, k, and y denote the numbers of triangles, kites, 
and 4-cycles in the grooming, respectively. Then 3<5 + 4-k + 4-y = and the number of wavelengths 
is 6 + k + y. Thus in order to minimize the number of wavelengths, we must minimize the number 6 
of triangles. We focus on this equivalent problem henceforth. 

In an GjYin, v;4, 3), for < i < 3 and < j < 4, let fly, Ky, and yy denote the number of 
triangles, kites, and 4-cycles, respectively, each having i edges on V and j edges between V and W. 
The only counts that can be nonzero are 6qq, 602, <5i2, £30 ; kqo, koi, K02, *03; K12, #13, K22, K31 ; yoo> 702, 
704> 712, 722- We write cry = /c, y - + yy when we do not need to distinguish kites and 4-cycles. Our 
objective is to minimize 6qo + 602 + £12 + £30 subject to certain constraints ; we adopt the strategy of 
lfT4l and treat this as a linear program. 

Let s = when vs 1,3 (mod 6), s — 2 when v = 5 (mod 6), and s — | when v = (mod 2). 
We specify the linear program in Figure Q] The first row lists the primal variables. The second lists 
coefficients of the objective function to be minimized. The remainder list the coefficients of linear 
inequalities, with the final column providing the Jower bound on the linear combination specified. 
The first inequality states that the number of edges on V used is at least the total number on V, while 
the second specifies that the number of edges used between V and W is at most the total number 
between V and W. For the third, when v = 5 (mod 6) at least four edges on V are not in triangles, 
and so at least two graphs containing edges of V do not have a triangle on V ; when v = (mod 2) 
every graph can induce at most two odd degree vertices on V, yet all are odd in the decomposition. 
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Fig. 1 - The linear program for ff Jf(n, v; 4, 3). 

We do not solve this linear program. Rather we derive lower bounds by considering its dual. Let 
yi, V2, and 3^3 be the dual variables. A dual feasible solution has yi = 4, y% = 1, and ^3 = |, yielding 
a dual objective function value of |v(v - 1) - vw + |e. Recall that every dual feasible solution gives 
a lower bound on all primal feasible solutions 

On the other hand, 36 = [fj (mod 4) and so 6 = 96 = 3(") (mod 4). The value of 3$ (mod 4) is 
in fact the value of t given in Theorem l2.ll Therefore if x is a lower bound on 6 in an JV(n, v; 4, 3), 
so is (x)„, where (x)„ denotes the smallest nonnegative integer x such that x > x and x = 3^) 
(mod 4). 

The discussion above proves the general lower bound on the number of triangles : 
Theorem 5.2 Let v + w > 5, and let 
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|gv(v-l)-vw if v = 1 , 3 (mod 6) 
\v\v - 1) - vw + I if v = 5 (mod 6) 
±v(v + 3)-vw if viO (mod 2) 

Then the number of triangles in an ff jViy + w, v; 4, 3) is at least 

5min(v, w) = (L(v, w)) v+K 

Remark 5.3 In particular, ifv is odd and w > \^-~\ or ifv is even and w > |"^L then L(v, w) < 
and the minimum number of triangles is (W n (v, w) — (0),, + „, < 3. 

5.2.2 Upper Bounds 

We first state two simple lemmas to be used intensively in the proof of Theorem 15.41 The fol- 
lowing result shows that in fact we do not need to check exactly that the number of triangles of an 
optimal construction meets the bound of Theorem l5.2l 

Lemma 5.1 Any GjV(v + w, v; 4, 3) is a jfo GjY(y + w, v; 4, 3) ;/ the number of triangles that it 
contains is at most max(3, \L(v, w)] + 3). 

Proof. In the closed interval [[L(v, w)~|, \L(v, w)] + 3] there is exactly one integer congruent to 3(^j 
(mod 4), and so necessarily exactly one integer equal to 5 m i n (v, w). ■ 

Combining Remark 1531 and Lemma I5TI we deduce that when v is odd and w > T^l or if v is 
even and w > \^-"\, to prove the optimality of a construction it is enough to check that there are at 
most three triangles. 

As a prelude to the constructions, let (V, S) be a partial triple system, V = {0, . . . , v - 1), and 
£ = {Bi, . . ., Bt,}. Let r,- be the number of blocks of !B that contain i e V. A headset is a multiset 
5 = {s\, . . . , Si,} so that s/t e B^ for 1 < k < b, and for < i < v - 1 the number of occurrences of i 
in S is |_^J or ff 1 

Lemma 5.2 Every partial triple system has a headset. 

Proof. Form a bipartite graph T with vertex set VUS, and an edge {v, B] for v e V and B € £ if 
and only if v e B. The graph F admits an equitable 3-edge-colouring fT7| ; that is, the edges can be 
coloured green, white, and red so that every vertex of degree d is incident with either [d/3] or ["of/31 
edges of each colour. Then for 1 < k < b, B^ is incident to exactly three edges, and hence to exactly 
one edge {/^, B^} that is green ; set s^ = i^. Then (s\, . . . , Sb) forms the headset. ■ 



Theorem 5.4 Let v + w > 5. When w > I, 

wavecost J( GjY(v + w, v; 4, 3) 



v + w 



+ 5min(V, W) I A 
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Proof. The lower bound follows from Theorem l5.2l so we focus on the upper bound. 

When w > 1, an 0Jf(y + w, v;4,3) of cost ( v + w ) is an GJfiy + w, v - 1 ; 4, 3). Let us show 
that it suffices to prove the statement for w < ^ when v is odd, and for w < ^ when v is even. 
Equivalently, we show that if it is true for these values of w, then it follows for any w. Note that 
tfminO, w) < 3 if (5 min (v + 1, w - 1) < 3. 

Indeed, let v be even. If w = L^J + L the result follows from the case for v + 1 (odd) and 
w-1 = L^J < ^f* 2 , in which case 6 min (v + 1, w - 1) = (0) v+w . If w = L^J + 2 it follows from the 
case for v + 1 (odd) and w - 1 = L^J + 1 < Lt ^ 2 , and 6 min (v + 1, w - 1) = (0) v+vv . If w > L^J + 3 
it follows from the case for v + 2 (even) and w — 2, 

Let v be odd. If w — L^J + 1 it follows from the case for v + 1 (even) and w-1, which has been 
already proved (in this case also <W n (v + l,w — 1) = (()),,+„,). If w > L^J + 2 it follows from the 
case for v + 2 (odd) and w — 2, 

In each case, we use the same general prescription. Given a partial triple system (V, &), a headset 
S = {si, . . . , Sb\ is formed using Lemma [572] Add vertices W = {ao, . . ., a w -i], a set disjoint from V 

of size w > 1 . For each i let D,- be a subset of {0 w - 1}, which is specified for each subcase, and 

that satisfies the following property : is at most the number of occurrences of i in the headset S . 
Among the blocks Bu such that = ;, we choose of them, namely the subset \B J k : j e ZJ,}, and 
form \Dj\ kites by adding for each j e Z), the edge {cij, i) to the block B 1 ,. 

The idea behind the construction is that if we can choose \Dj\ = w, we use all the edges between 
V and W leaving a minimum number of triangles in the partition of V (see Case Ola). Unfortuna- 
tely it is not always possible to choose = w, in particular when w is greater than the number of 
occurrences of ; in the headset. So we distinguish different cases : 

Case Ola. v = 6? + 1 or 6t + 3 and w < Let (V,S) be a Steiner triple system. For < ; < v, 
let Di = {0, . . . , w — 1}. Apply the general prescription. If v = 6f + 1, i appears t times in S and 
w < ^ = t. If v = 6t + 3, i appears t or t + 1 times in S and w < t. In both cases is at most 
the number of occurrences of i in S , so the construction applies and all the edges between V and W 
are used in the kites. All the edges on V are used and '' (v ^^ - vw triangles remain. Finally, it remains 
to partition the edges of W. When w t {2,4}, form a „#^c/K(w,4) on W, and doing so we have at 
most <5 m i n triangles. If w — 2 or w = 4 remove edges {ao, 0} and \a\ , 0} from their kites and partition 
Kw together with these edges into a triangle (w = 2) or two kites (w = 4). 

Case Olb. v = 6t + 5 and w < Form a partial triple system (V, S) covering all edges except 
those intheC 4 (0, l,2,3).ForO < i < 3, let A = {0, . . . ,w- 2} and for 4 < i < v D { = (0, . . .,w- 1}. 
Apply the general prescription. Add the kites (a w -\, 1, 2; 3) and (a w _i, 3, 0; 1). Here again i appears 
at least t times in S and w < t. So D, is at most the number of occurrences of i in S . Again we have 
used all the edges on V and all the edges between V and W. It remains to partition the edges of W, 
and this can be done as in the Case Ola. 

Case 02. v = 6f + 3 and w = t+ 1, v > 3. Form a partial triple system covering all edges except those 
on the v-cycle {{/, (i + 1) mod v} : < i < v} ITT31 . Set D, = {1, . . . ,w — 1} for all i. Apply the general 
prescription. Adjoin edges from ao to a partition of the cycle, minus edge {0, v- 1 }, into P3S. The only 
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edge between V and W that remains is {ao, v— 1). When an 0jV(w,A~) exists having 1,2, 3, or 4 tri- 
angles, this edge is used to convert a triangle to a kite. This handles all cases except when w e {2, 4). 
In these cases, remove the pendant edge \a\, v - 1} from its kite. When w = 2, {ao, a\, v — 1} forms 
a triangle. When w = 4, partition the edges on W together with {ao, v- 1 } and {ai , v— 1 } into two kites. 

Case 03. v = 6t + 1 and w = £ + 1. 

When t = 1, a Ji@,JY{l + 2, 7; 4, 3) has £ = {(0, ai,a ; 6), (2, 0, 6; a x \ (3, 0, 4; ai), (1,0, 5;a x ), 
(3, 6, 5; a ), (4, 6, 1; ai), (3, 2, 1; ao), (5, 2, 4; a ), (a , 2, a i; 3)}. 

A solution with t = 2 is given in AppendixlDl 

When f > 3, form a 3-GDD of type 6' with groups {{6/9 + q : < g < 6} : < p < t). Let 
D(, P +q = {0, . . . , w — 2} \ {p} for < p < t and < q < 6. Apply the general prescription. For 
< p < t, on {6p + q : < q < 6} U {v - 1} U {a w -\, a p ) place a J(6jV(J + 2, 7; 4, 3) obtained 
from the solution S for t = 1, by replacing a by 6p + a : < a < 6, 6 by v - 1 ao by a M ,_i and a\ by 
a p ; then omit the kite (a p , bp, a w -\\ v - 1). All edges on W remain ; the edges {a„,_i, 6p} and \a p , 6p} 
remain for < p < t, and the edge {a lv _i , v - 1} remains. 

Add the kites (a vv _2,6(w - 2),a w _i; v - 1) and for 0< y*<w-2 = f-l (6j,a w -\,aj; a w -i)- 
If w - 2 i {2,4}, that is f £ {3,5}, place a ^<^/f (w - 2,4) on W - a w - 2 - a w -\. Note that, as 
3(^2 2 ) = (mod 4), we have the right number of triangles (at most 3). If w - 2 e {2, 4} remove 

edges {ao, w - 2} and {a\, w — 2} from their kites, and partition K w together with these edges. 

Case 04. v = 6t + 5 and w = t+l. 

For t = 0, a ^^^K(5 + 1,5;4,3) has kites (3,a ,0;l), (l,a ,2;3), (l,3,4;a ), and triangle 
(0,2,4). 

For t = 1, let V = {0, . . . , 10} and W = {a , a x ). A ^<?.yf'(l 1 +2, 11; 4, 3) is formed by using an 
^ff^Y{5 + 1, 5; 4, 3) on {0, 1, 2, 3,4} U {ao}, and a partition of the remaining edges, denoted by <3, 
into 15 kites and a triangle. So we have two triangles, attaining (5 ;m „(ll,2) as 13 = 5 (mod 8). The 
partition of <3 is as follows : the triangle (ao, ai, 10) and the kites (0, 6, 5; ao), (1,8, 6; ao), (2, 9, 7; ao), 
(3,10,8;a ), (4,6,9;a ), (8,9,0; a{), (5,7,1;^), (5,8,2; fll ), (6,7,3;a0, (5,10, 4;aj), (3,9,5;a0, 
(2, 10, 6; ai), (0, 10, 7; a{), (4, 7, 8; a x ), and (1, 10, 9; a x ). 

For t = 2, a ^<^/K(17 + 3, 17; 4, 3) is given in Appendix|D] 

For t > 3, form a 3-GDD of type 6' with groups {{6p + q : < q < 6} : < p < t). Let 
D^p+q = [0, . . . , w — 2} \ {p} for < p < t and < q < 6. Apply the general prescription. There 
remain uncovered for each p the edges of the set Q p obtained from the complete graph on the set of 
vertices {6p + q : < q < 6} U {v - 5, v - 4, v - 3, v — 2, v - 1 } U {a, v _i , a p } minus the complete graph 
on {v - 5, v - 4, v - 3, v - 2, v - 1} U {a w _i }. 

To deal with the edges of Q p , we start from a partition of Q, where we replace pendant edges in 
kites as follows : Replace {ai,4} by [ay, 10), {ao,8} by {ao, 10), and {ai,2} by {ao,8}. We delete the 
triangle (ao, ai, 10), resulting in a new partition of Q into 15 kites and the 3 edges {ao,ai}, {ai,2}, and 
{ai,4}. Then we obtain a partition of Q p by replacing {0, 1,2, 3,4} by {v- 5, v -4, v- 3, v- 2, v- 1}, 
q + 5 by 6p + q for < q < 6, ao by a w _i, and a\ by a p . At the end we get a partition of <2 P into 15 
kites plus the 3 edges {a w -i,a p }, \a p , v - 3), and {a p , v - 1}. 
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Now the 3t edges {{a w -\,a p }, {a p , v - 3), {a p , v - 1} : < p < f) plus the uncovered edges of K w 
form a K t+ ^ missing a triangle on [a w -i, v — 3, v - 1}. If t + 3 = 2, 3,4, 5,6, 7 (mod 8), use Theorem 
12. II to form a + 3,4) having a triangle (v - 3,v - l,a„_i) and 0, 1, or 2 other triangles; 

remove the triangle (v - 3, v - l,a w _i) to complete the solution with 1, 2, or 3 triangles (the triangle 
(v - 5, v - 3, v - 1) is still present). A variant is needed when t + 3 = 0, 1 (mod 8). In these cases, 
form a &^(t + 3,4) (having no triangles) in which (v- 3, a w -i> v— 1; «i) is a kite. Remove all edges 
of this kite, and use edge {a\, v - 1} to convert triangle (v - 5, v - 3, v — 1) to a kite. 

Finally, place a J(6jY(5 + 1,5; 4, 3) on {v - 5, v - 4, v - 3, v - 2, v - 1} U {a }. Altogether we 
have a partition of all the edges using at most 3 triangles. 

Case 05. v = 6t + 5 and vv = t + 2. 

When t — 0, partition all edges on {0, 1,2,3,4} U {aa,a{\ except {ao,a\} into kites (3, l,ao;0), 
(3,2,ai;0), (fli,l,4;2), (0, l,2;a ), and (3,0,4;a ). Then a Jt0,jV{5 + 2, 5; 4, 3) is obtained by 
removing pendant edges {ao, 0} and \a\, 0} and adding triangle (ao,a\,0). 

When t = 1, a ^ GJf{\\ +3, 1 1; 4, 3) on {0, ... , 10} U{a , ai, a 2 ) is obtained by taking the above 
partition on {0, 1,2,3,4} U {aQ,a{\, the triangle (ao, a.\,a%), and a partition of the remaining edges 
(which form a graph called Q) into 1 1 kites and 6 4-cycles as follows : kites (2, 9, 7; aoX (4, 5, 10; «o), 
(2,10, 6;ai), (4,6,9; a 2 ), (7, 10,0;a 2 ), (6,8,l;a 2 ), (5,8, 2; a 2 ), (5,9,3;a 2 ), (7,8,4;a 2 ), (6,7,5;a 2 ), 
and (9, 10,8;«i); and 4-cycles (0,6,a ,5), (0,8,a ,9), (l,5,ai,7), (l,9,ai,10), (3,6,a 2 ,7), and 
(3,8,a 2 , 10). 

A solution with t — 2 is given in Appendix ID] 

When t > 3, form a 3-GDD of type 6' with groups {{6p + q : < q < 6} : < p < t). Let 
Dep+q = {0, . . . , w - 3} \ \p) for < p < t and < q < 6. Apply the general prescription. Add a 
partition of the complete graph on {v - 5, v - 4, v - 3, v - 2, v - 1 } U {fl w - 2 , a vv -i } as in the case when 
t = 0. It remains to partition, for each p, < p < t, the graph <2,, is obtained from the complete 
graph on \6p + # : < # < 6}U {v - 5, v- 4, v - 3, v - 2, v- 1}U {a w _ 2 , a w -i,a p ] minus the complete 
graph on {v - 5, v - 4, v - 3, v - 2, v - 1 } U {a w -2> This partition is obtained from that of Q by 
replacing {0, 1, 2, 3, 4} by (v - 5, v- 4, v- 3, v- 2, v - 1}, «o by a w -2> fl i by a w -i> an d fl 2 by a p . What 
remains is precisely the edges on W, so place a ^^(w, 4) on W to complete the construction. 

Case 06. v = 6t + 3 and w = f + 2. 

When f = 0, a Jt&.jY(b + 2, 3; 4, 3) has triangles (a , 0, 1) and {a u 1,2} and 4-cycle (0, 2, a . 

When f = 1, on {0, ... , 8}U{a , «i, «2}, place kites (2, 6, 4; a ), (0, 8, 4; a\), (0, 5, 7; ai), (3, 6, 0; a 2 ), 
(l,7,4;a 2 ), (5,8,2;a 2 ), (l,6,5;a 2 ), (2,7,3;a 2 ), (3,8, l;a 2 ), (3,5,a ;a 2 ), (7,a ,6;a 2 ), (6,8,ai;a 2 ), 
(7, a 2 , 8; a ), and 4-cycle (3, 4, 5, a{). Adding the blocks of a Jte,jV(3+2, 3; 4, 3) forms a .^^^K(9+ 
3, 9; 4, 3). 

A solution with t = 2 is given in Appendix ID] 

When f > 3, form a 3-GDD of type 6' with groups {{6/7 + _/' : < q < 6} : < p < t). 
Let D^p+q = {0, . . . ,w — 3} \ {/>} for < p < t and < ^ < 6. Apply the general prescription. For 
< p < f, on{6p + o : < q < 6}U{v-3, v-2, v- l}U{a H ._ 2 , a K -i, a,,} place a ^^",yK(9 + 3, 9; 4, 3), 
omitting a JZffjY(3 + 2, 2; 4, 3) on {a w _ 2 , a w _!, v - 3, v - 2, v - 1}. Place a JZ0JY(3 + 2, 2; 4, 3) on 
{a w -2, a w -i, v - 3, v - 2, v - 1). Remove edges {ao, flw-2} and {a\, a w -\] from their kites, and convert 
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the two triangles in the ^(GjVQ + 2, 2; 4, 3) to kites using these. What remains is all edges on 
{ao, ■ • ■ , fl»-3) and everything is in kites or 4-cycles excepting one triangle involving ao and one in- 
volving ai.Ifw-2 = 0, 1,3,6 (mod 8), place a M ' @jV(w - 2,4) on {ao, . . ., a w s}. Otherwise 
partition all edges on {ao, . . . , a w -3) except {ao, ai) and {ai, aj\ into kites, 4-cycles, and at most one 
triangle, and use the last two edges to form kites with the excess triangles involving ao and a\. The 
partition needed is easily produced for w - 2 e {4, 5, 7, 9) and hence by induction for all the required 
orders. 

Case El. v = (mod 2) and w < Write v = 6t + s for s e {0, 2, 4). Let L = (V, E) be a graph 
with edges 

{{32, 3i + 1), {32, 32 + 2), {3/ + 1, 32 + 2} : < i < t} U {{/, 3t + i] : < i < 3f), 

together with [6t,6t + 1} when s = 2 and with {{6f,6f + l},{6f,6f + 2},{6f,6f + 3}} when s = 4. 
Let (V, S) be a partial triple system covering all edges except those in L (this is easily produ- 
ced). Let Dj = {0, . . . , w - 2} for < i < v. Apply the general prescription. For < ; < t and 
j e {0, 1,2), form the 4-cycle (a vv _i,3/ + ((j + 1) mod 3), 3/ + j,3t + 3i + J). When 5=4, form 
4-cycle (a w -\,6t + 2,6f, 6f + 3). When s e {2,4}, form a triangle (a w -\,6t,6t + 1). All edges on V 
are used and all edges on W remain. All edges between V and W are used. Except when w € {2,4}, 
or w = 2, 7 (mod 8) and v = 2,4 (mod 6) form a ^ 6 'jV(w, 4) on W to complete the proof. When 
w = 2,1 (mod 8) and v = 2,4 (mod 6), convert {a w -i,6t, 6t + 1} to a kite using an edge of the K w , 
and partition the K w \ K% into kites and 4-cycles. When w 6 {2,4}, remove edges {flo,0} and {ai,0} 
from their kites, and partition K w together with these edges. 



Case E2. v = 2 (mod 6) and w — ^P-. Choose m as large as possible so that m < |, m < 



and ~ m = (mod 4). Partition the \Jj edges on W into sets E c and E a with \E C \ — m, so that 

the edges on E„ can be partitioned into kites and 4-cycles ; this is easily done. Place these kites 
and 4-cycles on W. Then let {e, : < i < m) be the edges in E c ; let u« e e, when < i < m; 
fi = when m < i < ^ ; and /( v -2)/2 = 1 if m < 5. Next form a 3-GDD of type 2' /2 on V 
so that {{2/, 2/ + 1} : < 2 < |} forms the groups, and S forms the blocks. For < 2 < |, let 
02i = A&'+i = {0, . . . , w - 1} \ {fi}. Apply the general prescription. Now for < 2 < |, form the 
triangle (a./., 2i, 2i + 1) and for < 2 < m add edge e, to form a kite. At most three triangles remain 
except when v € {14, 20), where four triangles remain. To treat these cases, we reduce the number of 
triangles ; without loss of generality, the 3-GDD contains a triple {v - 8, v - 6, v - 4} in a kite with 
edge {oi, v - 8). Remove this kite, and form kites (ao, v — 7, v - 8; v - 6), (ao, v - 5, v — 6; v - 4), 
(ao, v - 3, v - 4; v - 8), and (v - 2, v - 1, a\\ v - 8). ■ 



Corollary 5.5 Let v > 4 ana" /i3(v) foe defined by : 



V 


6 


6f , f > 2 


1 +6f 


2 + 6r 


9 


3 + 6t, t > 2 


4 


10 


4 + 6f, f > 2 


5 + 6r 


M3(V) 


1 


1 +t 




1 + t 


1 


1 +t 


1 


2 


2 + f 


1 +/ 



Then wavecost ^ 6 ',jV(v + w, v; 4, 3) = H j [fi an d on [y [fi w > yU3(v). 
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6 Conclusions 

The determination of cost jV(n, v; C, C) appears to be easier when C — 4 than the case for 
C — 3 settled in lfT3lfT4l . Nevertheless the very flexibility in choosing kites, 4-cycles, or triangles 
also results in a wide range of numbers of wavelengths among decompositions with optimal drop 
cost. This leads naturally to the question of minimizing the drop cost and the number of wavelengths 
simultaneously. In many cases, the minima for both can be realized by a single decomposition. 
However, it may happen that the two minimization criteria compete. Therefore we have determined 
the minimum number of wavelengths among all decompositions of lowest drop cost for the specified 
values of n, v, and C". 
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A Small constructions in the proof of Theorem 13.11 



+ 3,3; 4, 1) : !B = {(0, oo, 1; ai), (1, a\, 2; ao), (2, 02, 0; a\), (ao,a\,a%)\. 

Jt0jY(4 + 4, 4; 4, 1) : S = {(1, 2, ay, a ), (0,3,o 2 ;oi), (a u l,3;a ), (a ,a 2 , 1;0), (a ,ai,2;0), 
(ai, 03, 0; ao), (2, 3, «3, «2)}- 

J(0Jf(5 +5,5; 4,1) : & = {(l,2,a 3 ;a ), (0,3,a 2 ;ai), (ai,l,3;a ), (a ,a 2 ,l;0), (a ,a u 2;0), 
(ai, A3, 0; ao), (2,a2,4;a4), (3,a3,4), (02,03,04), (2, 3, 04), (0,4, 00,04), (1, 4,01,04)}. 



+ 6, 6; 4,1) : & = {(l,2,a 3 ;a ), (0,3,a 2 ;ai), (ai,l,3;a ), (a ,a 2 , 1;0), (a ,ai,2;0), 
(a\,a-j,0;ao), (4, 5, as', 04), (2, 02, 4; 04), (2, 3, 04; 5), (3,4, 03), (02,03, 04), (0,4, 00,04), (1,4, 01,(34), 
(0,5,00,05), (1,5,01,05), (2,5,02,05), (3,5,03,05)}. 



B Small constructions in the proof of Theorem 1X2 

+ 2,1;4,1):S = {(0,00,00). 
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+ 3,2; 4,1) :8 = {(0,a ,a x ), (1, a u a 2 ), (0, l,a ,a 2 )}. 

J£0JY($ +4, 3; 4, 1) : 8 = {(0, a , (1, tfi, a 2 ), (0, 1, ao, a 2 ), (2, a 2 , a 3 ), (0, 2, a , a 3 ), (1, 2, a u a 3 )}. 

J{@jV{\ + 5, 4; 4,1) : 8 = {(0, l,a ;a 3 ), (0,2,ai;a 3 ), (0,3, 02:03), (2,3, a ;a 4 ), (1,3, 01504), 
(l,2,a 3 ;3), (0,a3,a4;3), (l,a 2 ,a4;2), (ao, a x , a 2 ; 2)}. 

C Small constructions in the proof of Theorem 14.21 

GjV(%,\) with 4 triangles : 8 = {(1,2,0; 4), (0,3, 6; 7), (0,7, 5; 2), (4,5,3; 1), (1,4,7), (1,5,6), 
(2,3,7), (2,4,6)}. 

JZffjV(l+A, 7; 4, 2) : 8 = {(a , 4, 2; 3), (<j , 3, 6; 0), (a , 0, 5; 1), (oi, 5, 3; 4), («i,4, 6; 1), («i , 1, 0; 2), 
(a 2 , 0,4; 5), (a 2 , 6, 5; 03), (a 2 , 1,2; 5), (0, 3, a 3 ; 2), (1, ao, « 2 , 3), (ao, a x ,a 2 , ai), (a x ,2, 6, 03), (1,4, 03)}. 



D Small constructions in the proof of Theorem 1574 



J( 6^(13 + 3, 13; 4, 3): 8 = {(5 + i,A + i, 1 +i;ai) | i = 0, 1, . . .,9} U {(1 + i,5 + i,4 + i;a ) \ i = 
10, 11,12) U {(3 + z,l + i,9 + i;a 2 ) \ i = 6,7, . . . , 12} U {(9 + U +i,3 + /;a ) M = 1, 2, . . . , 5} U 
{(9,3, l;a 2 ),(0, a\,a 2 ; 12), (12, «i, «o; 0), (ao, 9,a 2 , 10),(ao,a 2 , H;ai),(ao>9,a 2 , 10)}, where the sums 
are computed modulo 13. 

^^^K(15+4, 15; 4, 3) : 8 = {(1,2, 3), (ao, 4, fli, 5), (a , 10, ai, 11), (5,4, 1; a 3 ), (7, 1, 6; oi), (6, 4, 2; a 3 ), 
(7,5,2;a 2 ), (4,7,3;a 2 ), (6,5, 3;a 3 ), (9, 1, 8; a x ), (10, 1, 14; a ), (H, 1,0; a 2 ), (13, 1, 12; a 2 ), (10,2, 8;a 2 ), 
(1 1, 2, 9; a ), (12, 2, 14; a 2 ), (0, 2, 13; a 3 ), (8, 3, 1 1; a 3 ), (10, 3, 12; a ), (13,3, 9; a 2 ), (14, 3, 0; a 3 ), (12, 8,4; a 2 ), 
(1 1, 4, 13; a ), (0, 10, 4; a 3 ), (9, 4, 14; a£), (8, 5, 13; a 2 ), (0, 5, 12; a 3 ), (14, 1 1, 5; a 3 ), (10, 9, 5; a 2 ), (8, 6, 0; a ), 
(14, 13, 6; a 3 ), (9, 6, 12; ai), (10, 6, 1 1; a 2 ), (14, 8, 7; a 3 ), (9, 7, 0; ai), (10, 7, 13; a0, (12, 1 1, 7; a ), (6, a 2 , a ; 2), 
(7, a 2 , ai; 3), (10, 03, a 2 ; 1), (1, ao, ai; 2), (9, ai, ay, 14), (8, 03, ao; 3)}. 

^^^K(17 + 3, 17; 4, 3) : 8 = {(7, 16, 0), (a , a 2 , 0), (a , 1,2; 3), (a , 3,4; 1), (4, 5, 2; ai), (1,3,5; a ), 
(16,a ,ai;a 2 ), (6, 10, l;ai), (9, 14, l;a 2 ), (15, l,7;a 2 ), (1, 8, 12; a 2 ), (1,0, 13; a 2 ), (1, 16, 11; ai), (2, 11,6; ai), 
(2, 16, 8; a 2 ), (10, 15, 2; a 2 ), (9, 2, 13; ai), (0, 2, 12; a x ), (2, 7, 14; a 2 ), (6, 13, 3; ai), (11,3,7; a0, (12, 3, 16; a 2 ), 
(9, 0, 3; a 2 ), (3, 10, 14; ai), (8, 3, 15; a x ), (14, 6, 4; a 2 ), (4, 1 1, 15; a 2 ), (7, 12, 4; a0, (13,4, 8; a x ), (4, 16, 9; a 2 ), 
(0,4, 10; a0, (5, 12, 6; a 2 ), (7, 13, 5; a 2 ), (8, 14, 5; a x ), (15, 5, 9; ai), (5, 16, 10; a 2 ), (5, 0, 1 1; a 2 ), (9, 7, 6; a ), 
(10, 8, 7; a ), (1 1, 9, 8; a ), (12, 10, 9; a ), (13,11,10; a ), (14, 12, 1 1; a ), (15, 13, 12; a ), (16, 14, 13; a ), 
(0, 15, 14; a ), (6, 16, 15; a ), (8, 6, 0; a,)}. 

^f^^K(17 + 4, 17; 4, 3) : 8 = {(2, 9, 1 1), (9, 12, 16), (a , 13, 14; 15), (a , 15, 16; 13), (16, 0, 14; a x ), 
(13,15,0;a ), (13,2, l;a 3 ), (13, 12, 3; a 3 ), (13, ll,4;a 3 ), (5, 10, 13; a x ), (6,9, 13;a 2 ), (7,8,13;a 3 ), 
(14, 4, 2; a 3 ), (14, 12, 5; a 3 ), (1 1, 14, 6; a 3 ), (14, 10, 7; a 3 ), (1,3, 14; a 2 ), (9, 8, 14; a 3 ), (1,4, 15; ai), (3, 5, 15; a 2 ), 
(2, 6, 15; a 3 ), (15, 7, 12; a 3 ), (15,11,8; a 3 ), (1,16, 5; ai), (6, 4, 16; a 2 ), (3, 7, 16; a 3 ), (2, 8, 16; a x ), (10, 16, 1 1; a 3 ), 
(1,6, 0; a0, (4, 8, 0; a 2 ), (10, 15, 9, ; a 3 ), (2, 10, 0; a 3 ), (5, 0, 7; a x ), (3, 0, 9; ai), (12, 0, 11; a x ), (l,a , 7; 6), 
(8, 6, a ; a 3 ), (9, a , 5; 1 1), (10, a , 4; 9), (1 1, a , 3; 10), (2, a , 12; 8), (%,a x , 1; 1 1), (10, a x ,6; 3), (12, 4, a x ;a 3 ), 
(3,a x ,2; 7), (1, a 2 , 9; 7), (10, a 2 , 8; 3), (11, a 2 , 7; 4), (12, a 2 , 6; 5), (2, a 2 , 5; 8), (3, a 2 , 4; 5), (a x , a , a 2 ; a 3 ), 
(12,1, 10; a 3 )}. 
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